We show that the noncommutative residue density, resp. the cut-off regularised integral are the only closed linear, resp. continuous closed linear forms on certain classes of symbols. This leads to alternative proofs of the uniqueness of the noncommutative residue, resp. the canonical trace as linear, resp. continuous linear forms on certain classes of classical pseudodifferential operators which vanish on brackets. The uniqueness of the canonical trace actually holds on classes of classical pseudodifferential with vanishing residue density which include non integer order operators in all dimensions and odd-class (resp. even-class) operators in odd (resp. even) dimensions. The description of the canonical trace for non integer order operators as an integrated global density on the manifold is extended to odd-class (resp. even-class) operators in odd (resp. even) dimensions on the grounds of defect formulae for regularised traces of classical pseudodifferential operators.
Introduction
The uniqueness of the noncommutative residue originally introduced by Adler and Manin in the one dimensional case was then extended to all dimensions by Wodzicki in [W1] (see also [W2] and [K] for a review) and proved independently by Guillemin [G2] . Since then other proofs, in particular a homological proof on symbols in [BG] and various extensions of this uniqueness result were derived, see [FGLS] for a generalisation to manifolds with boundary, see [S] for a generalisation to manifolds with conical singularities (both of which prove uniqueness up to smoothing operators), see [L] for an extension to log-polyhomogeneous operators as well as for an argument due to Wodzicki to get uniqueness on the whole algebra of classical operators, see [Po2] for an extension to Heisenberg manifolds. In contrast to the familiar characterisation of the noncommutative residue as the unique trace on the algebra of all classical pseudodifferential operators, only recently was the focus [MSS] drawn on a characterisation of the canonical trace as the unique linear extension of the ordinary trace to non integer order classical pseudodifferential operators which vanishes on non integer order brackets 1 . We revisit and slightly improve these results handling the noncommutative residue and the canonical trace on an equal footing via a characterisation of closed linear forms on certain classes of symbols.
A cornerstone in our approach is the requirement that a linear form satisfies Stokes' property (or be closed in the language of noncommutative geometry) on a certain class of symbols i.e. that it vanishes on partial derivatives in that class. The vanishing on derivatives is a natural requirement in view of the fact that any distribution on R n with vanishing derivatives is proportional to the ordinary integral on R n ; it serves here to characterise its unique closed extension given by the cut-off regularised integral − R n defined by Hadamard finite parts. This leads to a characterisation of the noncommutative residue on symbols (Theorem 1) on the one hand and the cut-off regularised integral on symbols (Theorem 2) on the other hand. The link between the vanishing on brackets of a linear functional on classical operators and the vanishing on partial derivatives of a linear functional on symbols can best be seen from the simple formula [x i , Op(p)] = −i Op (∂ ξi p) for any symbol p, which lies at the heart of the proof of the uniqueness of the canonical trace in [MSS] . We deduce from there the uniqueness of a linear form on classical pseudodifferential operators which vanishes on brackets from the uniqueness of a linear form on classical pseudodifferential symbols which vanishes on partial derivatives in the Fourier variable ξ, leading to characterisations of the residue (Theorem 4) on the one hand and the canonical trace (Theorem 5) on the other hand. To characterise such functionals we heavily rely on the fact that any homogeneous symbol with vanishing residue can be written as a sum of derivatives [FGLS] and coincides up to a smoothing symbol with a sum of derivatives of symbols whose order is 1+ the order of the original symbol. This is why we then consider classes of operators with vanishing residue density in order to carry out the linear extensions.
The vanishing of the residue density which therefore plays a crucial role for uniqueness issues, arises once more for existence issues. This indeed turns out to be an essential ingredient in section 2, where we show that the canonical trace is well defined as an integrated global density on certain classes of classical pseudodifferential operators, such as odd-class operators in odd dimensions and even-class operators in even dimensions. To do so, we approximate the operator under study along a holomorphic path of classical operators and use a defect formula for regularised traces derived in [PS] . This is carried out along of a line of thought underlying Guillemin's [G2] , Wodzicki's [W2] and later Kontsevich and Vishik's [KV] work (see also [CM] ); a classical ΨDO A is embedded in a holomorphic family z → A(z) with A(0) = A, the canonical trace of which yields a meromorphic map z → TR(A(z)). These authors focus on the important case of ζ-regularisation A Q (z) = A Q −z built from some admissible elliptic operator Q with positive order. In particular, if A has non integer order then z → TR(A Q (z)) is holomorphic at z = 0, the canonical trace density of A is globally defined and integrates over M to the canonical trace TR(A) of A which coincides with lim z→0 TR(A Q (z)) independently of the choice of Q. Similar continuity results hold for odd-class (resp. even-class) operators A in odd (resp. even) dimensions; it was observed in [KV] (resp. [Gr] ) that for an odd-class elliptic operator Q with even positive order close enough to a positive self-adjoint operator, and A and odd-(resp. even-) class operator in odd (resp. even) dimensions, the map z → TR(A Q (z)) is holomorphic at z = 0 and Tr (−1) (A) := lim z→0 TR(A Q (z)) is independent of the choice of Q. As a straightforward application of defect formulae both on the symbol and the operator level derived in [PS] , we extend these results to any holomorphic family A(z) with non constant affine order such that A = A(0) and A ′ (0) lie in the odd-(resp. even-) class. We infer from there that in odd (resp. even) dimensions introduced by Braverman in [B] on odd-class operators in odd dimensions coincide with the canonical trace TR.
To sum up, the characterisation we provide of the noncommutative residue and of the canonical trace on the grounds of a characterisation of closed linear forms on certain classes of symbols sheds light on common mechanisms that underly their uniqueness. It brings out the importance of the closedness requirement on the underlying functionals on symbols, which was already implicit in the homological proofs of the uniqueness of the residue. In the case of the canonical trace it further puts forward the role of the vanishing of the residue on the symbol level and of the residue density on the operator level which also turns out to be an essential ingredient for existence issues.
The paper is organised as follows:
1. Uniqueness: characterisation of closed linear forms on symbols 1 Uniqueness: Characterisation of closed linear forms on symbols
We characterise the noncommutative residue and the cut-off regularised integral in terms of a closedness requirement on linear forms on classes of classical symbols with constant coefficients on R n .
Notations
We only give a few definitions and refer the reader to [Sh, T, Tr] for further details on classical pseudodifferential operators. For any complex number a, let us denote by S a c.c (R n ) the set of smooth functions on R n called symbols with constant coefficients, such that for any multiindex β ∈ N n there is a constant C(β) satisfying the following requirement:
where Re(a) stands for the real part of a, |ξ| for the euclidean norm of ξ. We single out the subset CS a c.c (R n ) ⊂ S a c.c (R n ) of symbols σ, called classical symbols of order a with constant coefficients, such that
where
and where χ is a smooth cut-off function which vanishes in a small ball of R n centered at 0 and which is constant equal to 1 outside the unit ball. Here σ a−j, , j ∈ N 0 are positively homogeneous of degree a − j.
The ordinary product of functions sends CS
denote the algebra generated by all classical symbols with constant coefficients on R n . Let
be the algebra of smoothing symbols. We write σ ∼ σ ′ for two symbols σ, σ ′ which differ by a smoothing symbol. We also denote by CS c.c (R n ) := a∈C−Z CS a c.c (R n ) the set of non integer order symbols. We equip the set CS a c.c (R n ) of classical symbols of order a with a Fréchet structure with the help of the following semi-norms labelled by multiindices β and integers j ≥ 0, N (see [H] ):
is equipped with the natural induced topology so that a linear ρ which extends to continuous linear maps ρ a on CS a c.c (R n ) for any a ∈ Z∩] − ∞, −K] (with K some arbitrary positive number) is continuous.
We borrow from [MMP] (see also [LP] ) the notion of ΨDO -valued form.
Definition 1 Let k be a non negative integer, a a complex number. We let
denote the set of order a classical symbol valued forms on R n with constant coefficients. Let
denote the set of classical symbol valued k-forms on R n of all orders with constant coefficients.
The exterior product on forms induces a product
stand for the N 0 graded algebra (also filtered by the symbol order) of classical symbol valued forms on R n with constant coefficients. We also consider the sets
Definition 2 Let S ⊂ CS c.c (R n ) be a set containing smoothing symbols. We call a linear form 2 ρ : S → C singular if it vanishes on smoothing symbols, and regular otherwise.
A linear form ρ : S → C extends to a linear formρ : ΩS → C defined bỹ
Here we have set
Exterior differentiation on forms extends to symbol valued forms (see (5.14) in [LP] ):
We call a symbol valued form α closed if dα = 0 and exact if α = d β where β is a symbol valued form; this gives rise to the following cohomology groups
We call a symbol valued form α closed "up to a smoothing symbol" if dα ∼ 0 and exact "up to a smoothing symbol" if α ∼ d β where β is a symbol valued form. Since α ∼ dβ ⇒ dα ∼ 0, this gives rise to the following cohomology groups
The next two paragraphs are dedicated to the description of the set of top degree forms which are exact "up to smoothing operators" (see Corollary 1). The uniqueness of the residue as a closed singular linear form on the algebra of symbols then follows (see Theorem 1).
Stokes' property versus translation invariance
Lemma 1 Let ρ : S ⊂ CS c.c (R n ) → C be a linear form. The following two conditions are equivalent:
Proof: We first show that the second condition follows from the first one. Sinceρ vanishes on forms of degree < n we can assume that α is a homogeneous form of degree n and show that the first condition implies thatρ(α) = 0. Write
is an exact form α = d β i where we have set
Following the terminology used in noncomutative geometry, we set the following definitions. 
When ρ is singular, closedness ofρ is equivalent to the fact that
α ∼ dβ =⇒ρ(α) = 0.
A closed singular linear form therefore induces a linear form H
Closedness turns out to be equivalent to translation invariance for any linear map on classical symbols which fulfills Stokes' property on symbols of negative enough order. This extends results of [MMP] .
Proposition 1 Let S ⊂ CS c.c (R n ) be a set stable under translations and derivatives such that there is some positive integer K CS
Let ρ : S → C be a linear map with the Stokes' property on CS
Then for any σ ∈ S we have
Proof: The proof borrows ideas from [MMP] . Let σ ∈ CS c.c (R n ) and let us write a Taylor expansion of the map t * η σ in a neighborhood of η = 0. There is some θ ∈]0, 1[ such that
Choosing N large enough for ∂ α t θη (σ) to be of order < −n, it follows from the linearity of ρ that
so that
from which the result follows.
Here we set ∂ α = ∂ j • ∂ β for some multiindex β whenever |α| = 0 and, choosing N large enough so that the remainder term is of order < −K we used the assumption that ρ verifies Stokes' property on CS
A characterisation of the noncommutative residue and its kernel
We show that the noncommutative residue is the unique singular linear form on classical symbols on R n with constant coefficients which fulfills Stokes' property. This is based on results of [FGLS] and [G1] (see also [L] for a generalisation to logarithmic powers) as well as results of [MMP] .
We henceforth and throughout the paper assume that the dimension n is larger or equal two.
Definition 4 The noncommutative residue is a linear form on CS
denotes the volume measure on S n−1 induced by the canonical measure on R n .
The noncommutative residue fulfills Stokes' property.
Proposition 2 [MMP] (see also [LP] ) The noncommutative residue vanishes on symbols which are partial derivatives in CS c.c (R n ) up to some smoothing operator:
Equivalently, its extension res to classical symbol valued forms on R n is closed.
Proof: Assume that σ ∼ ∂ i τ . Since res vanishes on smoothing symbols, we can assume that σ = ∂ i τ for some τ ∈ CS c.c (R n ) then σ −n = ∂ i τ −n+1 . We have dµ S (ξ) = ι X (Ω)(ξ) where Ω(ξ) := dξ 1 ∧· · ·∧dξ n is the volume form on R n and X :=
where we have used the ordinary Stokes' formula in the last equality. ⊔ ⊓ The description of homogeneous symbols as sum of partial derivatives induces a similar description "up to smoothing symbols" for all classical symbols with vanishing residue. The following elementary result is very useful for that purpose.
Lemma 2 (Euler's theorem) For any homogeneous functions
f of degree a on R n − {0} n i=1 ξ i ∂ i f = a f. Proof: n i=1 ∂ i (f (ξ)) ξ i = ∂ ∂ t |t=1 f (t ξ) = ∂ ∂ t |t=1 t a f (ξ) = a f (ξ).
⊔ ⊓
The following proposition collects results from [FGLS] (see Lemma 1.3).
Proposition 3 Any symbol σ ∈ CS a c.c (R n ) with vanishing residue
is up to some smoothing symbol, a finite sum of partial derivatives, i.e. there exist symbols
In particular, given a linear form ρ :
ρ is singular and satisfies Stokes ′ property =⇒ Ker(res) ⊂ Ker(ρ).
Proof: Equation (4) clearly follows from equation (3) since ρ is assumed to vanish on smoothing symbols. To prove (3) we write σ ∼
• If a − j = −n it follows from Lemma 2 that the homogeneous function
• We now consider the case a − j = −n. In polar coordinates (r, ω) ∈ R
that the equation ∆F = σ −n has a solution if and only if σ −n ∈ Ker∆
since ∂ i χ has compact support so that the difference σ − n i=1 ∂ i τ i is smoothing. Since the τ i are by construction of order a + 1, statement (3) of the proposition follows. ⊔ ⊓
The following proposition gives a characterisation of the kernel of the noncommutative residue.
Corollary 1 Top degree symbol valued forms which are exact up to smoothing symbols coincide with forms with vanishing (extended) residue:
which implies that
Given a linear form
ρ is closed and singular ⇐⇒ Ker( res) ⊂ Ker(ρ).
Proof: Equation (7) clearly follows from the first part of the assertion. Let us turn to the first part of the assertion and prove (6). By Proposition 2, we know that exact forms lie in the kernel of the residue up to smoothing symbols.
To prove the other inclusion, let
(we can choose i 1 < · · · < i |J| without loss of generality) has vanishing residue res(α) = 0. Then either |J| < n or |J| = n in which case i 1 = 1, · · · , i n = n and res(α) = res(α n ) = 0. In that case, we can apply Proposition 3 to σ := α n and write:
property is proportional to the residue, i.e. ρ = c · res for some constant c. Equivalently, any closed singular linear form ρ : ΩCS c.c (R n ) → C is proportional to the residue extended to forms, i.e. ρ = c · res for some constant c.
Proof: By Proposition 2, ρ satisfies Stokes' property implies that ρ vanishes on Ker (res).
) from which the statement of the theorem follows setting c :=
). Since ρ vanishes on smoothing symbols by assumption, this constant is independent of the choice of χ. ⊔ ⊓
1.4
A characterisation of the cut-off regularised integral − R n in terms of Stokes' property Let us recall the construction of a useful extension of the ordinary integral given by the cut-off regularised integral. For any R > 0, B(0, R) denotes the ball of radius R centered at 0 in R n . We recall that given a symbol σ ∈ CS a c.c (R n ), the map R → B(0,R) σ(ξ) d ξ has an asymptotic expansion as R → ∞ of the form (here we use the notations of (11):
where α 0 (σ) is the constant term given by:
This cut-off integral − R n defines a linear form on CS c.c (R n ) which extends the ordinary integral in the following sense; if σ has complex order with real part smaller than −n then
As it is the custom for the ordinary integral we use the same symbol − R n for its extension to forms so that:
where we have assumed that
Remark 2 Since the cut-off regularised integral − R n coincides on symbols of order < −n with the ordinary integral which vanishes on partial derivatives, ρ := − R n fulfills the assumptions of Proposition 1 with S = CS c.c (R n ). Consequently, translation invariance of − R n is equivalent to closedness:
We investigate its closedness: unfortunately, the cut-off regularised integral does not in general satisfy Stokes' property.
Proof:
However, the cut-off regularised integral does obey Stokes' property on specific types of symbols.
Corollary 2 We have
in the following cases:
if σ has non integer order,

if σ has integer order a and σ
a−j (−ξ) = (−1) a−j σ(ξ) ∀j ∈ N 0 in odd dimension
if has integer order a and σ
Proof: By Proposition 4,
1. If σ has non integer order, then so has τ which implies that τ 1−n = 0 so that − R n σ(ξ) dξ vanishes.
2. For any holomorphic family 4 σ(z) in CS c.c (R n ) with non constant affine holomorphic order α(z) and such that σ(0) = σ we have by [PS] (see (20) in Section 2)
We apply this to σ(z) = ∂ i (τ (z)) with τ (z)(x) = χ(x) τ (x) |ξ| −z for some smooth cut-off funciton χ which vanishes in a neighborhood of 0 and is identically one outside the open unit ball. By the first part of the corollary, since σ(z) has non integer order outside a discrete set of complex numbers (which correspond to the poles of − R n σ(z)) we have − R n σ(z) = − R n ∂ i (τ (z)) = 0 as a meromorphic map. On the other hand, since
it follows that S n−1 ∂ z σ |z=0 −n dµ S = S n−1 τ −n−1 ξ i dµ S . But this last quantity vanishes whenever τ −n−1 is an even function i.e whenever σ −n−2 = ∂ i τ −n−1 is an odd function. This holds in odd dimension if σ a−j (−ξ) = (−1) a−j σ(ξ) or in even dimension if σ a−j (−ξ) = (−1) a−j+1 σ(ξ) so that in both of these cases − R n σ = 0.
⊔ ⊓
4 We refer the reader to Section 2 for the notion of holomorphic family of symbols.
Then by Proposition 3
If for any σ ∈ S the τ i and χ τ i,a+1−j , j ∈ N 0 can be chosen in S then any linear form ρ : S → C which statisfies Stokes' property is entirely determined by its restriction to CS
Equivalently, under the same conditions any closed linear formρ : ΩS → C is entirely determined by its restriction to ΩCS
In particular, if − R n satisfies Stokes' property on S and ρ is continuous
for any complex number a, then there is a constant c such that
Remark 3 In practice S can be described in terms of some condition on the homogeneous components of the symbol and therefore automatically satisfies the requirements of the theorem.
with N any integer chosen large enough so that σ (N ) has order < −n. Here χ is a smooth cut-off function which vanishes in a neighborhood of 0 and is one outside the unit ball. As before, the σ a−j are positively homogeneous of degree a − j. By linearity of ρ we have:
Let now σ ∈ S. Since by the assumption on S the symbol σ has vanishing residue we can write as in the proof of Proposition 3, σ a−j = ∂ ij τ a+1−j for some i j ∈ {1, · · · , n} and some homogeneous symbol τ a+1−j . By the closedness condition ρ ∂ ij (χ τ a+1−j ) = 0 so that
Summing over j = 1, · · · , N − 1 we get:
Another choice of primitiveτ a+1−j = τ a+1−j + c j modifies this expression by c j N −1 j=0 ρ ∂ ij χ which vanishes. Since N can be chosen arbitrarily large, formula (10) shows that ρ is uniquely determined by its expression on symbols of arbitrarily negative order.
Thus ρ is determined by its restriction to K≥n CS
This restriction is continuous as a result of the continuity of the restriction of ρ to any CS a c.c (R n ). Thus ρ restricted to CS −∞ c.c (R n ) can be seen as a tempered distribution with vanishing derivatives at all orders. Such a distribution is a priori of the form f → R n f (ξ) φ(ξ) dξ for some smooth function φ; since all its derivatives vanish, φ is constant so that ρ restricted to smoothing symbols is proportional to the ordinary integral R n 6 . From the above discussion we conclude that two closed and continuous (on symbols of constant order) linear forms ρ 1 and ρ 2 on a set S which satisfy the assumptions of the theorem are proportional. The cut-off regularised integral is continuous on symbols of constant order. Thus, if it has Stokes' property on the set S, we infer from the above uniqueness result that ρ is proportional to − R n . ⊔ ⊓ Here are some examples of subsets of CS c.c (R n ) which fulfill the assumptions of Theorem 2 and on which the cut-off regularised integral − R n satisfies Stokes' property in view of of Corollary 2.
Example 2 In odd dimension n the set
Example 3 In even dimension n the set
From these examples we get the following straightforward application of Theorem 2.
Corollary 3 Any closed linear form on CS
/ ∈Z c.c (R n ), resp. CS odd c.c (R n ) in odd dimensions, resp. CS even c.c (R n ) in
even dimensions is determined by its restriction to symbols of arbitrarily negative order. If it is continuous on symbols of constant order, it is proportional to the cut-off regularised integral
Existence: The canonical trace on odd-(resp. even-) class operators in odd (resp. even) dimensions
We show that the canonical trace density TR x (A) dx defines a global density in odd (resp. even) dimensions for odd-(even-) class operators A which integrates over the manifold to the (extended) canonical trace TR(A) :
To do so, on the grounds of results of [PS] , we carry out a continuous extension along holomor-
, and show that the extension is independent of the holomorphic path, thereby extending results of [KV] and [Gr] . Along the way we define the noncommutative residue on the algebra of classical pseudodifferential operators as well as the canonical trace on non integer order classical pseudodifferential operators.
Notations
Let U be a connected open subset of R n where as before we assume that n > 1. For any complex number a, let S a cpt (U ) denote the set of smooth functions on U × R n called symbols with compact support in U , such that for any multiindices β, γ ∈ N n , there is a constant C(β, γ) satisfying the following requirement:
where Re(a) stands for the real part of a, |ξ| for the euclidean norm of ξ. We single out the subset CS
where σ (N ) ∈ S a−N cpt (U ) and where χ is a smooth cut-off function which vanishes in a small ball of R n centered at 0 and which is constant equal to 1 outside the unit ball. Here σ a−j (x, ·), j ∈ N 0 are positively homogeneous of degree a − j.
be the set of smoothing symbols with compact support in U ; we write σ ∼ τ for two symbols that differ by a smoothing symbol. We equip the set CS a cpt (U ) with a Fréchet structure with the help of the following semi-norms labelled by multiindices α, β and integers j ≥ 0, N (see [H] ):
The star product
of symbols σ ∈ CS a cpt (U ) and τ ∈ CS
denote the algebra generated by all classical symbols with compact support in U . We denote by CS
cpt (U ) := a∈C−Z CS a cpt (U ) the set of non integer order symbols with compact support in U . We shall also need to consider the set introduced in [KV] 
of odd-class (also called even-even in [Gr] ) symbols and the set introduced by G. Grubb (under the name even-odd)
of even-class symbols with compact support in U . Whereas CS odd cpt (U ) is stable under the symbol product (12), CS even cpt (U ) is not since the product of two even symbols is odd. Similarly, one can check that the product of an odd and an even symbol is odd, two properties which conflict with the intuition suggested by the terminology even/odd suggested by [KV] (hence the alternative terminology used by Grubb). The above definitions extend to non scalar symbols. Given a finite dimensional vector space V and any a ∈ C we set CS
where tr stands for the trace on matrices.
Similar properties hold for CS
Let M be an n-dimensional closed connected Riemannian manifold (as before n > 1). For a ∈ C, let Cℓ a (M ) denote the linear space of classical pseudodifferential operators of order a, i.e. linear maps acting on smooth functions C ∞ (M ), which using a partition of unity adapted to an atlas on M can be written as a finite sum of operators where ·, · stands for the canonical scalar product in R n . The star product (12) on classical symbols with compact support induces the operator product on (properly supported) classical pseudodifferential operators since Op(σ ⋆ τ ) = Op(σ) Op(τ ). It follows that the product AB of two classical pseudodifferential operators A ∈ Cℓ
Let us denote by Cℓ(M ) = a∈C Cℓ a (M ) the algebra generated by all classical pseudodifferential operators acting on C ∞ (M ). Given a finite rank vector bundle E over M we set Cℓ
Remark 5 Note that if
Cℓ a (M, E) inherits a Fréchet structure via the Fréchet structure on classical symbols of order a.
The algebras Cℓ
∈Z (M, E),Cℓ / ∈Z (M, E), Cℓ odd (M, E), Cℓ even (M, E) are defined similarly using trivial- isations of E from CS Z cpt (U ) Cℓ a cpt (U ), Cℓ / ∈Z cpt (U ) and Cℓ odd cpt (M ).
Classical symbol valued forms on an open subset
The notations introduced in paragraph 1.1 for symbols on R n with constant coefficients easily extend to symbols with support in an open subset of U ⊂ R n with varying coefficients. Let U be a connected open subset of R n as before. We borrow from [MMP] (see also [LP] ) the following notations and some of the subsequent definitions.
Definition 5 Let k be a non negative integer, a a complex number. We let
cpt (U )} denote the set of order a classical symbol valued forms on U with compact support. Let
denote the set of classical symbol valued k-forms on U of all orders with compact support.
The exterior product on forms combined with the star product on symbols induces a product
stand for the N 0 graded algebra (also filtered by the symbol order) of classical symbol valued forms on U with compact support. We shall also consider the sets
As before, we call a symbol valued form α closed if dα = 0 and exact if α = d β where β is a symbol valued form; this gives rise to the following cohomology groups
Let D(U ) ⊂ CS cpt (U ) be a set containing smoothing symbols. We call a linear form 7 ρ : D(U ) → C singular if it vanishes on smoothing symbols, and regular otherwise. A linear form ρ : D(U ) → C extends to a linear formρ : ΩD(U ) → C defined bỹ
This is a straightforward generalisation of Lemma 1.
7 By linear we mean that ρ(α 1 σ 1 + α 2 σ 2 ) = α 1 ρ(σ 1 ) + α 2 ρ(σ 2 ) whenever σ 1 , σ 2 , α 1 σ 1 + α 2 σ 2 lie in D(U ).
Lemma 3 Let ρ : D(U ) ⊂ CS cpt (U ) → C be a linear form. The following two conditions are equivalent:
As before we call closed a linear formρ obeying the second condition and by extension ρ is then also said to be closed. We also say that ρ satisfies Stokes' condition.
Remark 6 A closed linear formρ on ΩCS cpt (U ) induces a linear formρ :
where we have set:
Proof: If the linear form is closed, we can perform integration by parts and write:
Conversely, if the linear form vanishes on brackets {·, ·}
and similarly for any σ ∈ CS cpt (U ) such that ∂ ξi σ = i {x i , σ} ⋆ ∈ D(U ) we have
⊔ ⊓
The noncommutative residue
Definition 6 The noncommutative residue of a symbol σ ∈ CS cpt (U ) is defined by
where res x (σ) :
is the residue density at point x and where as before
Lemma 4 The noncommutative residue is a singular closed linear form on CS cpt (U ) which restricts to a continuous map on each CS
Proof: The continuity follows from the definition of the residue 8 . Stokes' property follows from Stokes' property of the ordinary integral on C ∞ cpt (U ) combined with the fact that the residue density res x vanishes on derivatives ∂ ξj which follows from Proposition 2. ⊔ ⊓ Using a partition of unity, one can patch up the residue on classical symbols with compact support to build a noncommutative residue on classical operators on a closed manifold M introduced by Wodzicki [W1] (see also [G1] ).
Definition 7 The noncommutative residue of A ∈ Cℓ(M, E) is defined by
where res x (A) :
is the residue density at point x and where as before 
Remark 7 It follows from the definition that the residue is continuous on each
We derive the cyclicity of the residue on operators from Stokes' property of the residue on symbols.
Proposition 6 res ([A, B]) = 0 ∀A, B ∈ Cℓ(M, E).
Proof: The product of two ΨDOs A, B in Cℓ(M, E) reads
for any integer N and with R N (A B) of order < a + b − N where a, b are the orders of A, B respectively. Hence
with similar notations. Applying the noncommutative residue on either side, choosing N such that a + b − N < −n we have
In the last identity we used Stokes' property for residue on symbols to implement repeated integration by parts combined with the fact that the residue vanishes on symbols of order < −n and the cyclicity of the ordinary trace on matrices. ⊔ ⊓
The canonical trace on non integer order operators
The cut-off regularised integral extends to CS cpt (U ).
Definition 8 For any σ ∈ CS cpt (U ) the cut-off regularised integral of σ is defined by
− T * U σ := U dx − T * x U dξ σ(x, ξ).
It extends to pseudodifferential symbol valued forms by
where dξ I := dξ i1 ∧ · · · ∧ dξ i k with i 1 < · · · < i k and dx J := dx j1 ∧ · · · ∧ dx j l with j 1 < · · · < j l .
Lemma 5 The cut-off regularised integral is a linear form on CS cpt (U ) which restricts to a continuous linear form on each CS
a cpt (U ) and satisfies Stokes' property on non integer order symbols:
Equivalently, it extends to a linear form on ΩCS cpt (U ) which restricts to a continuous linear form on each ΩCS
a cpt (U ) and is closed on non integer order symbols valued forms:
Proof: We prove the first statement. The continuity follows from the continuity of the cut-off regularised integral on CS a c.c. (R n ) for any a ∈ C. Similarly, Stokes' property follows from Stokes' property of the ordinary integral on C <−n cpt (U ) combined with the fact that the cut-off regularised integral − R n vanishes on derivatives ∂ ξj of non integer order symbols as a result of Proposition 4. ⊔ ⊓ Using a partition of unity, one can patch up the cut-off regularised integral of symbols with compact support to a canonical trace on non integer order classical pseudo-differential operators [KV] .
Definition 9 The canonical trace is defined on Cℓ
) dξ is the canonical trace density at point x. The canonical trace is tracial on non integer order operators as a consequence of Stokes' property for cut-off regularised integrals on non integer order symbols.
E) be two classical operators with non integer order such that their bracket [A, B] also has non integer order. Then
Proof: The product of A and B on M reads
with similar notations. When the bracket [A, B] has non integer order, we can apply the canonical trace on either side and write:
In the last identity, we used Stokes' property for cut-off regularised integrals on non integer order symbols (see Lemma 5) to implement repeated integration by parts in order to show that the integral term on the r.h.s. vanishes using the fact that the ordinary trace on matrices is cyclic. 
Holomorphic families of classical pseudodifferential operators
The notion of holomorphic family of classical pseudodifferential operators first introduced by Guillemin in [G1] and extensively used by Kontsevich and Vishik in [KV] generalises the notion of complex power A z of an elliptic operator developped by Seeley [Se] , the derivatives of which lead to logarithms.
Definition 10 Let Ω be a domain of C and U an open subset of
The derivative of a holomorphic family σ(z) of classical symbols yields a holomorphic family of symbols, the asymptotic expansions of which a priori involve a logarithmic term.
Lemma 6 The derivative of a holomorphic family σ(z) of classical symbols of order α(z) defines a holomorphic family of symbols σ
′ (z) of order α(z) with asymptotic expansion:
for some smooth cut-off function χ around the origin which is identically equal to 1 outside the open unit ball and positively homogeneous symbols
of degree α(z) − j.
Proof: We write
Using the positive homogeneity of the components σ α(z)−j we have:
lies in S α(z)−N +ε (U ) for any ε > 0 so that σ ′ (z) is a symbol of order α(z) with asymptotic expansion:
where σ
On the other hand, differentiating the asymptotic expansion σ(z)(x, ξ)
Hence,
Correspondingly we recall the notion of holomorphic classical pseudodifferential operators.
Definition 11 A family (A(z)) z∈Ω ∈ Cℓ(M, E) is holomorphic if in any local trivialisation we can write A(z) in the form A(z) = Op(σ(A(z)))+R(z), for some holomorphic family of symbols (σ(A(z))) z∈Ω and some holomorphic family (R(z)) z∈Ω of smoothing operators i.e. given by a holomorphic family of smooth Schwartz kernels.
It follows from (14) and (15) that
We call admissible with spectral cut θ an operator A ∈ Cℓ(M, E) with leading symbol σ L (A) that has no eigenvalue on the ray L θ = {re iθ , r ≥ 0} in which case it is elliptic, and such that the spectrum of A does not meet the open ray {re iθ , r > 0}. In that case, following Seeley [Se] , one can define the complex power A z θ which yields a holomorphic family z → A z θ in Cℓ(M, E).
Example 4 Given an admissible operator
is a holomorphic family and we have
2.6 Continuity of the canonical trace on non integer order classical pseudodifferential operators
It follows from the very definition of the canonical trace that it is continuous w.r. to the Fréchet topology on Cℓ a (M, E) for every a / ∈ Z. In this paragraph we discuss its continuity on (holomorphic) families of varying order. The following proposition collects results from [KV] and [PS] .
the complex plane with simple poles and [KV]
( resp.
Corollary 4 The canonical trace on non integer order operators is continuous along holomorphic families with affine order. In other words, for any holomorphic family
TR(A(z)) = TR(A(0)).
Proof:
We can assume that the order α(z) of A(z) satisfies α ′ (0) = 0 for otherwise the order is constant in which case we already know that the canonical trace is continuous at 0. If α ′ (0) = 0, the map z → TR(A(z)) is holomorphic at z = 0 since by equation (19) Res z=0 TR(A(z)) = 1 α ′ (0) res(A(0)) which vanishes as a result of the non integrality of the order of A(0). Since the derivative A ′ (0) at z = 0 has same order α(0) as A(0) which is non integer by assumption, A ′ (0) also has vanishing residue density so that by equation (21) we have:
2.7 Odd-(resp. even-) class operators embedded in holomorphic families
For any integer a, the condition σ a−j (x, −ξ) = (−1) a−j σ a−j (x, ξ) ∀j ∈ N ∪ {0} which characterises a classical symbol of order a that lies in the odd-class, extends to log-polyhomogeneous symbols of logarithmic type 1:
for both i = 0 and i = 1.
Proposition 9 [B]
Given an admissible operator A ∈ Cℓ odd (M, E) with positive order a > 0 and spectral cuts θ and θ − aπ, the symmetrised logarithm
where we have set A θ (z) := 
with [S] 
the positively homogeneous components of the resolvent (A − λI) −1 . In other words, these components q −a−j are positively homogeneous in (ξ, λ 1 a ) i.e. for t > 0, for (x, ξ) ∈ T ⋆ M,
If A ∈ Cℓ a (M, E) lies in the odd-class, this extends to any real number t since we have [KV] par. 2
Example 5 Take M a Riemannian manifold and A = ∆ g the Laplace Beltrami operator with θ = π Corollary 5 Provided there is an admissible operator Q ∈ Cℓ odd (M, E) with positive order q and spectral cuts θ and θ − qπ,then any operator A ∈ Cℓ odd (M, E) (resp. A ∈ Cℓ even (M, E)) can be embedded in a holomorphic family
. It has order and lies in the odd-class since it is a differential operator. Then
lies in the odd-class (resp. even-class) .
Proof: This follows from Proposition 9 applied to Q combined with the stability of the odd-class under products (resp. the fact that the product of an even and odd-class operator is even). Let us focus on the odd-class case, since the proof in the even-class case goes in a similar manner. By Proposition 9, Q ′ θ (0) lies in the odd-class. Since
lies in the odd-class since A ∈ Cℓ odd (M, E). ⊔ ⊓ 2.8 The canonical trace on odd (resp. even)-class operators in odd (resp. even) dimensions
In the sequel, M is an odd-(resp. even-) dimensional manifold. Let π : E → M be a vector bundle over M such that there is an admissible operator Q ∈ Cℓ odd (M, E) with positive order q and spectral cuts θ and θ − qπ.
Remark 9 In view of the above examples, these assumptions are fulfilled in very natural geometric setups.
Theorem 3 The canonical trace TR extends continuously to Cℓ odd (M, E) in odd dimensions (resp. Cℓ even (M, E) in even dimensions) in the following manner. Let M be odd (resp. even) dimensional. For any holomorphic family A(z) ∈ Cℓ(M, E) with non constant affine order such that both A(0) and
Proof: We carry out the proof in odd dimensions for odd-class operators. The proof goes similarly in the even dimensional case for even-class operators.
Since the noncommutative residue vanishes on Cℓ odd (M, E) and A(0) ∈ Cℓ odd (M, E), we have res(A(0)) = 0. It follows from (18) that the complex residue Res z=0 TR(A(z)) which is proportional to the noncommutative reside res(A(0)) vanishes so that the map z → TR(A(z)) is holomorphic at z = 0. We now apply (20) to σ(z) := σ(A(z)); since A ′ (0) lies in the odd-class, it has vanishing residue density res x (A ′ (0)). Consequently,
Since the l.h.s gives rise to a globally defined density
so does the right hand side give rise to a globally defined density TR x (A(0)) dx. Integrating over M yields the existence of TR(A(0)) and:
and TR(A) = lim z→0 TR(A(z)) for any holomorphic family A(z) with non constant affine order such that A(0) = A and A ′ (0) lie in Cℓ odd (M, E) (resp. Cℓ even (M, E)). In particular,
• Kontsevich and Vishik's (resp. Grubb's) extended canonical trace [KV] (resp. [Gr] ) on odd-class (resp. even-class) operators in odd (resp. even) dimensions,
with Q ∈ Cℓ odd (M, E) an admissible operator of even positive order close enough to a positive self-adjoint operator,
• the symmetrised trace introduced by Braverman [B] 
on odd-class operators in odd dimensions
with Q ∈ Cℓ odd (M, E) an admissible operator of any positive order q and with spectral cuts θ and θ − qπ, coincide with the canonical trace.
We also recover as a side result the fact [KV] that the extended canonical trace vanishes on brackets of odd-class operators.
Corollary 7 In odd dimensions, for any operators
Proof: With the notations of Proposition 9, the holomorphic family
It lies in the odd class as a result of the stability of the odd-class under products. The result then follows from applying Theorem 3 to the holomorphic family C(z). Since TR (C(z)) vanishes as a meromorphic map as a consequence of the vanishing of the canonical trace on non integer order brackets, taking finite parts as z → 0 we find that 0 = TR ([A, B] ).
⊔ ⊓
3 Uniqueness : Characterisation of linear forms that vanish on operator brackets
We prove that the noncommutative residue on the algebra of classical pseudodifferential operators, the canonical trace on the set of non integer order ones, or in odd (resp. even) dimensions on the classes of odd-(resp. even-) class operators, are the unique (possibly continuous) linear forms that vanish on brackets. The classes to which the canonical trace naturally extends have in common that their operators have symbols with vanishing residue density.
Uniqueness of the noncommutative residue
We use the notations of section 2; in particular U is an open connected subset of R n .
Proposition 10 Any singular linear form ρ : CS cpt (U ) → C which restricts to a continuous map on CS a cpt (U ) for any a ∈ C and which fulfills Stokes' property is proportional to the noncommutative residue. Equivalently, any closed singular linear formρ : ΩCS cpt (U ) → C which restricts to a continuous linear form on ΩCS a cpt (U ) for any a ∈ C is proportional to the noncommutative residue res extended to forms.
Proof: By similar arguments as in the case of symbols with constant coefficients we can check that the two statements are equivalent. Let us prove the first one. For any fixed f ∈ C ∞ cpt (U ) the map ρ f : σ → ρ(f σ) defines a singular linear form on CS c.c (R n ) which vanishes on derivatives in ξ since we have ρ(f ∂ ξj σ) = ρ(∂ ξj (f σ)) = 0. By Theorem 1, it follows that there is a constant c(f ) such
A general symbol σ ∈ CS cpt (U ) can be approximated by linear combinations of tensor
It follows from the continuity of ρ that there is a
But since ρ is closed by assumption, for any σ = f ⊗ τ with τ ∈ CS c.c (R n ) and f ∈ C ∞ (U ) we have
Choosing τ with non vanishing residue and integrating by parts implies that
so that ψ is a constant c and ρ(σ) = c U res(σ(x, ·)) dx is proportional to the noncommutative residue. ⊔ ⊓ We now derive from the characterisation of the residue on symbols in terms of Stokes' property, the uniqueness (up to a multiplicative constant) of the residue as a trace on Cℓ(M ) which restricts to continuous linear forms on each Cℓ a (M ). It uses the following lemma. 
Proof: We briefly sketch the proof which we take from [Po1] and [Po2] . A smoothing operator R has smooth kernel k R (x, y) so that k R (x, y) − k R (x, x) is smooth and vanishes on the diagonal. It follows that there are smooth functions
. Let Q be the operator defined by the kernel k Q (x, y) = k R (x, x) and let R j , j = 1, · · · , n be the smoothing operators defined by the kernels k j (x, y) then
and let Q j be the operator with kernel (x, y) → H j (x, x − y); by propsotion 2.7 in [Po2] , it is a classical pseudodifferential operator of order −n + 1. Since
Since R j are smoothing and Q j are of order −n + 1 the result of the lemma follows. ⊔ ⊓ Theorem 4 Any linear form L : Cℓ(M ) → C which restricts to continuous linear forms on Cℓ a (M ) for any a ∈ C and which vanishes on brackets
is proportional to the noncommutative residue.
Proof: By Lemma 7, such a linear form L vanishes on smoothing operators. Given a local chart (U, φ) on M , the map
then defines a singular linear form on CS cpt (φ(U )). For any σ ∈ CS cpt (φ(U )) and for any x j , j = 1, · · · , n corresponding to the coordinates in the local chart (U, φ) we have
Furthermore,
Since L vanishes on brackets, ρ φ vanishes on derivatives ∂ ξj τ . Similarly, for any u ∈ C ∞ cpt (U )
Since L vanishes on brackets it follows that ρ φ vanishes on derivatives ∂ xi τ and therefore satisfies Stokes' property. By Proposition 10, ρ φ which is continuous on each CS a cpt (φ(U )) as a result of the continuity of L on each Cℓ a (M ), is therefore proportional to the noncommutative residue so that there is a constant c φ such that
We can now use a partition of unity (U i , χ i ) i∈I subordinated to an atlas (U i , φ i ) i∈I on M to write any operator P ∈ Cℓ(M ) as a finite sum of localised operators P = i∈I P i with P i := χ i P χ i . We can further assume that P i = φ * i Op(p i ) with p i ∈ CS cpt (φ i (U i )). It follows from the first part of the proof that L(P i ) = ρ φi (p i ) = c φi · res(p i ) so that by linearity of L, we have L(P ) = i∈I L(P i ) = i∈I c φi · res(p i ). But since the l.h.s is globally defined, the r.h.s is independent of the local chart; it follows that L(P ) = c · res(P ) for some constant c ∈ C. ⊔ ⊓
Uniqueness of the canonical trace
Proposition 11 Let D(U ) be a subset of CS cpt (U ) containing smoothing symbols which is stable under multiplication by smooth functions:
for any a ∈ C and that it fulfills the requirements of Theorem 2.
Then, any continuous linear form
10 ρ : D(U ) → C which satisfies Stokes' property is proportional to the cut-off regularised integral:
Remark 10 Since S fulfills the requirement of Theorem 2, we have S ⊂ Ker(res) and hence res(f ·σ) = 0 ∀f ∈ C ∞ cpt (U ), ∀σ ∈ S. By a density argument using the continuity of the residue on symbols of constant order, this implies that res(f · σ) = 0 ∀f ∈ C ∞ cpt (U ), ∀σ ∈ D(U ). The requirements of the proposition therefore imply that symbols in D(U ) have vanishing residue density res x (σ(x, ·)) = 0 ∀σ ∈ D(U ) ∀x ∈ U.
Proof: We closely follow the proof of Proposition 10. For a fixed f ∈ C ∞ cpt (U ) the map σ → ρ(f σ) defines a continuous linear form on S which vanishes on derivatives in ξ since we have ρ(f ∂ ξj σ) = ρ(∂ ξj (f σ)) = 0 for any smooth function f ∈ C ∞ cpt (U ). By Theorem 2, it follows that there is a constant c(f ) such that ρ(f σ) = c(f ) · − R n σ for any σ ∈ S and for any f ∈ C ∞ cpt (U ). Since CS for some continuous distribution F : f → U f (x) φ(x) dx with φ ∈ C ∞ (U ). From the closedness of ρ we infer that ρ(∂ xi f σ) = F ∂ xi f − R n σ = 0 for any σ ∈ S and any f ∈ C ∞ cpt (U ). Choosing σ such that − R n σ = 0 implies that F (∂ xi f ) = 0 and hence that φ is constant and Proof: Since the proof closely follows that of Theorem 4, we do not repeat some of the steps common to the two proofs. Let us first observe that given any local chart (U, φ) on M the set D(φ(U )) := {σ ∈ CS cpt (φ(U )), φ * • Op(σ) ∈ D(M )} fulfills the assumptions of Proposition 11 with U replaced by φ(U ) and with S replaced by S φ as in the statement of the theorem. σ ∀σ ∈ D(φ(U )).
As before, using a partition of unity to write any operator P ∈ Cℓ(M ) as a finite sum of localised operators P = i∈I P i with P i := χ i P χ i , with P i = φ * i Op(p i ) with p i ∈ CS cpt (φ i (U i )) we infer that L(P i ) = ρ φi (p i ) = c φi · − T * φi(Ui) p i so that by linearity of L
But since the l.h.s is globally defined, the r.h.s is independent of the local chart; it follows that L(P ) = c · − T * M σ(P ) = c · TR(P ) for some constant c ∈ C. ⊔ ⊓
Here are a few known examples of sets D(M ) which obey assumptions 1 and 2 of the above theorem. In particular, they lie in Ker(res) loc (M ). [KV] (see also [Gr] where such operators are called even-even).
Example 12 
